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The charmonium system has played an important role in shaping our knowledge of per-





annihilation conrmed the existence of a new quantum number, charm. The analysis




pairs, photons and hadrons established the hypothesis that
the J= and 
c









of heavy charm and anti-charm quarks. However, non-perturbative dynamics does play an
important role in the charmonium system [1, 2]. For example, an analysis of the  spectrum
lead to the rst determination of the gluon condensate.
The total width of charmonium is dominated by short distance physics and can be stud-
ied in perturbative QCD [3]. The only non-perturbative input in these calculations is the
wave function at the origin. A systematic framework for these calculations is provided by
the non-relativistic QCD (NRQCD) factorization method [4]. NRQCD facilitates higher
order calculations and relates the decays of states with dierent quantum numbers. QCD
factorization can also be applied to transitions of the type  
0
!  +X [5, 6].
The study of exclusive decays of charmonium into light hadrons is muchmore complicated
and very little work in this direction has been done. Perturbative QCD implies some helicity
selection rules, for example 
c
!= ; pp and J= != ; a
1
[7, 8], but these rules are strongly
violated [9]. The J= decays mostly into an odd number of Goldstone bosons. The average





away from the J= peak. Many decay channels have been observed, but none of them stand
out. Consequently, we would expect the 
c
to decay mostly into an even number of pions
with similar multiplicity. However, the measured decay rates are not in accordance with




K,  and 
0
, each
with an unusually large branching ratio of  5%. Bjorken observed that these three decays
correspond to a quark vertex of the form (cc)(ss)(

dd)(uu) and suggested that 
c
decays are
a \smoking gun" for instanton eects in heavy quark decays [10].
In this paper we shall try to follow up on this idea by performing a more quantitative




decays. The paper is organized as follows.
In section II we introduce the instanton induced eective lagrangian. In the following sections
we apply the eective lagrangian to the decays of the scalar glueball, eta charm, and chi
2
charm. We should note that this investigation should be seen as part of a larger efort
to identify \direct" instanton contributions in hadronic reactions, such as deep inelastic
scattering, the I = 1=2 rule, or  production in pp scattering [11{14].
II. EFFECTIVE LAGRANGIANS
Instanton eects in hadronic physics have been studied extensively [15, 16]. Instantons
play an important role in understanding the U(1)
A
anomaly and the mass of the 
0
. In
addition to that, there is also evidence that instantons provide the mechanism for chiral
symmetry breaking and play an important role in determining the structure of light hadrons.
All of these phenomena are intimately related to the presence of chiral zero modes in the
spectrum of the Dirac operator in the background eld of an instanton. The situation in
heavy quark systems is quite dierent. Fermionic zero modes are not important and the
instanton contribution to the heavy quark potential is small [17].
This does not imply that instanton eects are not relevant. The non-perturbative gluon
condensate plays an important role in the charmonium system [1, 2], and instantons con-
tribute to the gluon condensate. In general, the charmonium system provides a laboratory
for studying non-perturbative glue in QCD. The decay of a charmonium state below the
D











, the gluonic system is also expected to be small. For this
reason charmonium decays have long been used for glueball searches.
Since charmonium decays produce a small gluonic system we expect that the cc system






. In this limit the instanton eects














































































are SU(3) generators, 1
2













]. The instanton is characterized by 4N
c
collective
coordinates, the instanton position z, the instanton size , and the color orientation U 2
SU(N
c












. For an anti-instanton
3












































)=3 is the rst coeÆcient of the beta function.
Expanding the eective lagrangian in powers of the external gluon eld gives the leading
instanton contribution to dierent physical matrix elements. If the instanton size is very
small,   m
 1
c
, we can treat the charm quark mass as light and there is an eective
vertex of the form (uu)(

dd)(ss)(cc) which contributes to charmonium decays. Since the
density of instantons grows as a large power of  the contribution from this regime is very




we treat the charm quark as heavy and the charm
contribution to the fermion determinant is absorbed in the instanton density d(). The
dominant contribution to charmonium decays then arises from expanding the gluonic part
of the eective lagrangian to second order in the eld strength tensor. This provides eective



















We observe that the N
f
= 3 fermionic lagrangian combined with the gluonic term ex-
panded to second order in the eld strength involves an integral over the color orientation









. This integral gives (5!)
2
terms. A more
manageable result is obtained by using the vacuum dominance approximation. We assume
that the coupling of the initial charmonium or glueball state to the instanton proceeds via












































in order to simplify the color average. The vacuum dominance approximation implies that
the color average of the fermionic and gluonic parts of the interaction can be performed
independently. In the limit of massless quarks the instanton (I) and anti-instanton (A)













































is the color averaged N
f
= 3 fermionic eective lagrangian [15, 16, 21].
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III. SCALAR GLUEBALL DECAYS
Since the coupling of the charmonium state to the instanton proceeds via an intermediate
gluonic system with the quantum numbers of scalar and pseudoscalar glueballs it is natural
to rst consider direct instanton contributions to glueball decays. This problem is of course
important in its own right. Experimental glueball searches have to rely on identifying
glueballs from their decay products. The successful identication of a glueball requires
theoretical calculations of glueball mixing and decay properties. In the following we compute
the direct instanton contribution to the decay of the scalar 0
++






Since the initial state is parity even only the G
2
term in equ. (4) contributes. The relevant











































































































































































































































































































































































Let us start with the process 0
++
! . In practice we have Fierz rearranged equ. (5)
into structures that involve the strange quark condensate ss as well as operators with the
quantum numbers of two pions. In order to compute the coupling of these operators to the
5









































The values of the decay constants are f

= 93 MeV, f
K
= 113 MeV [22]. We also use
Q
u










[23]. The coupling of the

0
meson is not governed by chiral symmetry. A recent analysis of    
0
mixing and the

















































Finally, we need the coupling of the glueball state to the gluonic current. This quantity has








































































The integral over the position of the instanton leads to a momentum conserving delta func-
tion, while the vacuum dominance approximation allows us to write the amplitude in terms































































The instanton density d
0
() is known accurately only in the limit of small . For large
 higher loop corrections and non-perturbative eects are important. The only source of
6
information in this regime is lattice QCD [28{31]. A very rough caricature of the lattice




















' 0:33 fm. This parameterization gives A = (379MeV)
 9
. Another
way to compute A is to regularize the integral over the instanton size by replacing d() with
d() exp( 
2
). The parameter  can be adjusted in order to reproduce the size distribution









. This implies that the results are very
sensitive to the density of large instantons. We note that when we study the decay of a
small-size bound state the integral over  should be regularized by the overlap with the
bound state wave function. We will come back to this problem in section IV below.
We begin by studying ratios of decay rates. These ratios are not sensitive to the instanton























































required by isospin symmetry. Taking into account the indistinguishability of the two 
0
we































































































































































































































































nal states. We note that in the chiral
limit the instanton vertices responsible for  and

KK decays are identical up to quark













































































The main uncertainty in this estimate comes from the value of m
s
, which is not very accu-
rately known. We have used m
s
= (140 20)MeV. The ratio of  to  decay rates is not





























In Fig.1 we show the decay rates as functions of the glueball mass. We have used 
QCD
=
300MeV and adjusted the parameter  to give the average instanton size  = 0:29 fm. We
observe that for glueball masses m
0
++
> 1 GeV the K

K phase space suppression quickly
disappears and the total decay rate is dominated by the K





> 1:5 GeV the  rate dominates over the  rate.
In deriving the eective instanton vertex equ. (10) we have taken all quarks to be massless.
While this is a good approximation for the up and down quarks, this it is not necessarily
the case for the strange quark. The m
s
6= 0 contribution to the eective interaction for 0
++









































































































There is no m
s
6= 0 contribution to the K

K channel. The m
s


































































































































TABLE I: Masses, decay widths, and decay channels for scalar-isoscalar mesons with masses in the



































































































































































The decay rates with the m
s
6= 0 correction to the instanton vertex taken into account are
plotted in Fig. 2. We observe that eects due to the nite strange quark are not negligible.






channels are enhanced whereas the  channel is reduced.
For a typical glueball mass m
0
++
= (1:5   1:7) GeV the ratio r = B()=B(K

K) changes
from r ' 0:25 in the casem
s
= 0 to r ' 0:55 for m
s
6= 0. In Fig. 3 we show the dependence of
the decay rates on the average instanton size . We observe that using the phenomenological
value  = 0:3 fm gives a total width  
0
++
' 100 MeV. We note, however, that the decay
rates are very sensitive to the value of . As a consequence, we cannot reliably predict the
total decay rate. On the other hand, the ratio of the decay widths for dierent nal states
does not depend on  and provides a sensitive test for the importance of direct instanton
eects.
In Tab. I we show the masses and decay widths of scalar-isoscalar mesons in the (1-2) GeV
mass range. These states are presumably mixtures of mesons and glueballs. This means
9
that our results cannot be directly compared to experiment without taking into account
mixing eects. It will be interesting to study this problem in the context of the instanton
model, but such a study is beyond the scope of this paper. It is nevertheless intriguing that
the f
0
(1710) decays mostly into K

K. Indeed, a number of authors have suggested that the
f
0
(1710) has a large glueball admixture [32{35].
IV. ETA CHARM DECAYS
The 
c













= (16  3) MeV. In perturbation theory
the total width is given by




















ground state wave function at the origin. Using m
c





) = 0:25 we get j (0)j ' 0:19GeV
3=2
, which is consistent with the expectation from
phenomenological potential models. Exclusive decays cannot be reliably computed in pertur-
bative QCD. As discussed in the introduction Bjorken pointed out that 
c
decays into three
pseudoscalar Goldstone bosons suggest that instanton eects are important [10]. The rele-
vant decay channels and branching ratios areB(K

K) = (5:51:7)%, B() = (4:91:8)%
and B(
0
) = (4:11:7%). These three branching ratios are anomalously large for a single
exclusive channel, especially given the small multiplicity. The total decay rate into these
three channels is (14:55:2)% which is still a small fraction of the total width. This implies
that the assumption that the three-Goldstone bosons channels are instanton dominated is
consistent with our expectation that the total width is given by perturbation theory. For




)) = (1:2  0:4)% and
B() = (2:6  0:9)%. These channels do not receive direct instanton contributions.
The calculation proceeds along the same lines as the glueball decay calculation. Since
the 
c
is a pseudoscalar only the G
~












































































































































































































































































































































































The strategy is the same as in the glueball case. We Fierz-rearrange the lagrangian (26)
and apply the vacuum dominance and PCAC approximations. The coupling of the 
c
bound











We can get an estimate of this matrix element using a simple two-state mixing scheme for
the 
c
and pseudoscalar glueball. We write
j
c
i = cos()jcci+ sin()jggi; (28)
j0
 +
i =   sin()jcci+ cos()jggi: (29)











is related to the charmonium wave
function at the origin. The coupling of the topological charge density to the pseudoscalar






























i are given in terms of one mixing angle . We can
estimate this mixing angle by computing the charm content of the pseudoscalar glueball

























and a mixing angle  ' 3
0







The uncertainty in this estimate is hard to assess. Below we will discuss a perturbative
estimate of the instanton coupling to 
c
. In order to check the phenomenological consistency
of the estimate equ. (31) we have computed the 
c









correlation function. The results are shown in Fig. 4. The contribution of the pseudoscalar
glueball is determined by the coupling constant 
0
 +
introduced above. The couplings of the
, 
0
and (1440) resonances can be extracted from the decays J= !  [37]. We observe
that the 
c









c(x)i correlation function. We observe
that even with the small mixing matrix elements obtained from equs. (28-30) the glueball
contribution starts to dominate the 
c
correlator for x > 1 fm.
We now proceed to the calculation of the exclusive decay rates. There are four nal states































Using isospin symmetry it is suÆcient to calculate only one of the amplitudes. Fierz rear-




























































































 (0:111MeV) ; (33)
with A given in equ. (12). Isospin symmetry implies that the other K







































































 (0:111MeV) : (35)














































































































 (0:0698MeV) : (40)
Here, the rst factor is the product of the isospin and nal state symmetrization factors.
The second factor is the amplitude and the third factor is the phase-space integral.
In Fig. 5 we show the dependence of the decay rates on the average instanton size. We
observe that the experimental K

K rate is reproduced for  = 0:29 fm. This number is
consistent with the phenomenological instanton size. However, given the strong dependence
on the average instanton size it is clear that we cannot reliably predict the decay rate. On













































































































































= 0:011  0:003; (45)
where we have only quoted the error due to the uncertainty in m
s
. These numbers should


























= 1:2  0:6: (47)
We note that the ratio B()=B(
0
) is compatible with our results while the ratio
B(K

K)=B() is not. This implies that either there are contributions other than instan-
tons, or that the PCAC estimate of the ratio of coupling constants is not reliable, or that
13
the experimental result is not reliable. The branching ratios for  and 
0
 come from











K) are consistent with the experimental bounds.
Another possibility is that there is a signicant contribution from a scalar resonance that
decays into . Indeed, instantons couple strongly to the (600) resonance, and this state is
not resolved in the experiments. We have therefore studied the direct instanton contribution
to the decay 
c



















































































































Compared to the direct decay 
c
!  the 
c
















 1=100. Here, the rst factor is due to the dierence between
two and three-body phase space and the second factor is the ratio of matrix elements. We
conclude that the direct production of a  resonance from the instanton does not give a




). This leaves the possibility that the  channel is
enhanced by nal state interactions.
Finally, we present a perturbative estimate of the coupling of the 
c
to the instanton.
We follow the method used by Anselmino and Forte in order to estimate the instanton
contribution to 
c
! pp [41]. The idea is that the charmonium state annihilates into two
gluons which are absorbed by the instanton. The Feynman diagram for the process is shown



































































where u(p) and v(p) are free particle charm quark spinors and A
a;cl

(k) is the Fourier trans-
14


























The amplitude for the charmonium state to couple to an instanton is obtained by folding
equ. (50) with the 
c
wave function  (p). In the non-relativistic limit the amplitude only
depends on the wave function at the origin.
The perturbative estimate of the transition rate is easily incorporated into the results
obtained above by replacing the product A

c











































































; 0) ' (M

c
=2; 0) is the momentum of the charm quark in the charmonium
rest frame. We note that because of the non-perturbative nature of the instanton eld higher








































provides a good representation of the integral. In Fig. 7 we show the results for the 
c
decay
rates as a function of the average instanton size. We observe that the results are similar to




) diers from the estimate equ. (31) by about a factor of 3. The experimental K

K
rate is reproduced for  = 0:31 fm.
V. CHI CHARM DECAYS
Another interesting consistency check on our results is provided by the study of instanton
induced decays of the 
c
into pairs of Goldstone bosons. The 
c
is a scalar charmonium
bound state with mass m

c
= 3415 MeV and width  

c







state. In perturbation theory the total decay rate is dominated

















with branching ratios (2:40:6)% and (1:80:6)%, respectively. It would be very interesting
to know whether these nal states are dominated by scalar resonances. We will concentrate













with branching ratios (5:0 0:7)  10
 3
and
(5:9 0:9)  10
 3
.
The calculation of these two decay rates proceeds along the same lines as the calculation
of the 0
++
glueball decays. The only new ingredient is the 
c
coupling to the gluon eld
strength G
2
. We observe that the total 
c

































Using this result we can obtain the 
c
decay rates by rescaling the scalar glueball decay
































where m1;m2 labels the two-meson nal state. In Fig. 8 we show the dependence of the 
c














. Again, the experimental value is reproduced for   0:3 fm.
Finally, we can also estimate the cc coupling to the instanton using the perturbative


































































































wave function at the origin and I

c




































In Fig. 10 we compare the perturbative result with the phenomenological estimate. Again,




rate is reproduced for  = 0:29 fm.
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VI. SUMMARY
In summary we have studied the instanton contribution to the decay of a number of





case of charmonium instanton induced decays are probably a small part of the total decay
rate, but the nal states are very distinctive. In the case of the scalar glueball classical elds
play an important role in determining the structure of the bound state and instantons may
well dominate the total decay rate.
We have assumed that the gluonic system is small and that the instanton contribution to
the decay can be described in terms of an eective local interaction. The meson coupling to
the local operator was determined using PCAC. Using this method we nd that the scalar
glueball decay is dominated by the K

K nal state for glueball masses m
0
++
> 1 GeV. In the
physically interesting mass range 1:5GeV < m
0
++
< 1:75GeV the branching ratios satisfy
B() : B() : B(

KK) = 1 : (3:3 0:3) : (5:5 0:5).
Our main focus in this work are 
c
decays into three pseudoscalar Goldstone bosons.




K) can be reproduced for an average
instanton size  = 0:31, consistent with phenomenological determinations and lattice results.
This in itself is quite remarkable, since the phenomenolgical determination is based on
properties of the QCD vacuum.
The ratio of decay rates B(
0
) : B() : B(K

K) = 1 : 1 : (4:2  1:3) is insensitive
to the average instanton size. While the ratio B(
0
) : B() = 1 : 1 is consistent with
experiment, the ratio B() : B(K

K) = 1 : (4:21:3) is at best marginally consistent with
the experimental value 1:1  0:5. We have also studied 
c
decays into two pseudoscalars.
We nd that the absolute decay rates can be reproduced for  = 0:29 fm. Instantons are









There are many questions that remain to be answered. On the experimental side it would




;  were collected. One important
question is whether () resonances are important. It should also be possible to identify








. In addition to that, it is interesting to study
the distribution of the nal state mesons in all three-meson channels. Instantons predict
that the production mechanism is completely isotropic and that the nal state mesons are
distributed according to three-body phase space.
17
In addition to that, there are a number of important theoretical issues that remain to be





studied using eective lagrangians based on broken scale invariance [42{44]. Our calculation
based on direct instanton eects is valid in the opposite limit. Nevertheless, the instanton
liquid model respects Ward identities based on broken scale invariance [16] and one should




KK) one should also be
able to study the validity of the PCAC approximation in more detail. This could be done,
for example, using numerical simulations of the instanton liquid. Finally we need to address
the question how to properly compute the overlap of the initial cc system with the instanton.
This, of course, is a more general problem that also aects calculations of electroweak baryon
number violation in high energy pp collisions [45, 46] and QCD multi-particle production in
hadronic collisions [47].
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FIG. 1: Scalar glueball decay rates plotted a function of the mass of the scalar glueball. The rates
shown in this gure were computed from the instanton vertex in the chiral limit. The average



























FIG. 2: Same as Fig. 1 but with m
s
6= 0 corrections in the instanton vertex taken into account.



























FIG. 3: Dependence of glueball decay rates on the average instanton size. The results shown in
this gure correspond to the instanton vertex with m
s
6= 0 terms included. The strange quark



















































c(x)i. Both correlation functions
are normalized to free eld behavior. In the case of the gluonic correlation function we show the
glueball contribution compared to the , 
0
, (1440) and 
c
contribution. For the charmonium






















ηc main decay rates vs average instanton size
K K pi
η pi pi
Experimental  K K pi
FIG. 5: Decay widths 
c
! KK and 
c
!  as a function of the average instanton size . The
































ηc   perturbative and phenomenological decay rates vs average instanton size
phenom. K K pi
phenom. ηpipi
pert. K K pi
pert. ηpipi
Experimental  K K pi






! ) as a function of the average instanton size .




































and  as a function of the average instanton size .




























Ratio of decay rates for χ vs ρaverage
pi+pi- / K+K-
Experimental value












) of decay rates as a function of the average
instanton size. The dashed line shows the experimental value 0.84. We also show the experimental






































) as a function of the average instanton
size . We show both the results from a phenomenological and a perturbative estimate of the cc
coupling to the instanton.
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